Introduction
This paper presents the main aspects of the formal theory for share buyback valuation from [1] , which is referred to here as the full paper and gives more detailed mathematical proofs, valuation and equilibrium formulas for more share buyback scenarios, case studies, discussions, etc.
The main prevalent hypothesis amongst finance scholars and practitioners is that share buybacks can substitute for dividend payouts as a means for companies to transfer capital to their shareholders, possibly with a tax advantage to the shareholders depending on their individual tax-rates for capital gains and dividends. For a survey of this and other share buyback hypotheses see [2] . The substitution hypothesis is proven to be a fallacy both theoretically and empirically in the full paper, which is important because share buybacks have increased greatly in recent years, possibly due to the common belief that the substitution hypothesis was valid. According to the data compiled for the full paper, during the year 2011 the companies in the S&P 500 stock market index had aggregate net income of about USD 850b, made share buybacks of about USD 480b and dividend payouts of about USD 250b. 3 It is shown in the full paper that the companies in the S&P 500 index have had a historical tendency to increase share buybacks when the share price was high relative to the estimated value, and conversely decrease share buybacks when the share price was low relative to the estimated value, which is opposite of what should have been done.
Share buybacks are shown here to be value neutral to eternal shareholders only if the market-cap (abbreviation of market capitalization, also known as the market value of all the company's shares) equals the excess cash plus the present value of earnings that could be paid out as dividends, and share buybacks magnify any mispricing as demonstrated in Figure 1 and Figure 2 . If the dividend tax rate is constant for eternity then it is shown to be irrelevant to the value of share buybacks. If there is so-called stochastic uncertainty about the company's future earnings and the market-cap equals the expected value, then the full paper shows there is an expected loss from a share buyback. This has profound implications for both theoretical and applied finance.
Value without Share Buyback
In order to calculate the value of a share buyback, the value without a share buyback must first be defined. Share buybacks should be made when they increase value to the remaining shareholders rather than the selling shareholders, which ultimately means that share buybacks should increase value to so-called eternal shareholders, who never sell their shares and thus derive value from the shares only through the receipt of dividends. In Williams' theory of investment value [3] , the value of a company to its eternal shareholders is defined as the present value of all future dividends. The present value of the dividend for future year is the amount that would have to be invested today with an annual rate of return , also called the discount rate, so as to compound into becoming after years:
Let denote the present value of all future dividends to eternal shareholders, prior to dividend tax and not per share. Assume the discount rate is constant forever. The present value is then:
Many companies only payout a fraction of their earnings as dividends so the value is instead expressed in terms of the company's excess cash that can be paid out as dividends now and the present value of all future earnings that can potentially be paid out as dividends. The earnings for the current year are denoted which are available for dividend payout a year from now and should therefore be discounted by , and so forth:
Eq. 2-3
As the excess cash is separated in this valuation formula, any future interest income from that cash must be deducted in .
Let be the dividend tax rate so the post-tax value per share is:
Eq. 2-4
Value with Share Buyback
The formulas derived in this section calculate the actual value and equilibriums of a share buyback, provided the actual value without share buybacks is used as input. However, the actual value without share buybacks is typically not known in advance, as it depends on future earnings which are usually not known in advance. Hence, estimates of the value without share buybacks will normally have to be used as input, which means the equilibriums and share buyback values are also only estimates.
A share buyback reduces both the company's cash holdings and the number of shares outstanding. The cash reduction results in a decrease in the value to eternal shareholders because the cash is no longer available for dividend payout. The reduction in the number of shares from the buyback is proportional to the share-price. The total market-price for all the outstanding shares is:
Let be the amount used for the share buyback so the number of shares bought back is:
The value to eternal shareholders with a share buyback, per share outstanding before the share buyback and after dividend tax, is then:
It is sometimes convenient to consider this without the dividend tax and number of shares:
The relative value of the share buyback is:
Because the number of shares and dividend tax both factor out in the division, this is equivalent to:
The relative value in Eq. 3-5 is only well-defined for . Also note that the dividend tax is irrelevant to the relative value of a share buyback as long as it remains constant for eternity.
The equilibrium is where the value to eternal shareholders is unaffected by the share buyback, that is, when the relative value equals one. It is more useful to express the equilibrium in terms of an inequality so it is easy to see when the value to eternal shareholders is increased or decreased by a share buyback. The equilibrium is derived from Eq. 3-5:
Eq. 3-7
In the full paper it is shown that the only way for the equilibrium to be greater than is when a future share buyback is made below the equilibrium at that future point in time. As future share-prices are unpredictable this may never be possible, so valuation of share buybacks is done for the current year only.
Recapitalization
When a share buyback is funded with debt rather than excess cash, it effectively means the company is making a recapitalization, which requires more complicated share buyback valuation and equilibrium formulas that are provided in the full paper.
Alternative Investment
Assume an investment is made for the funds that would otherwise have been used for a share buyback. This investment could, for example, be an acquisition of another company or the construction of a new production facility. The investment amount is denoted and the present value of the total future return on that investment is denoted which should be calculated using an appropriate discount rate that would be the same as the discount rate used for calculating if the return has similar risk. The value to eternal shareholders per share currently outstanding and after dividend tax is then:
Eq. 3-8
The value to eternal shareholders is increased whenever the present value of the return is greater than the investment amount, that is:
Stock Options
Assume a company has issued stock options in the past which are now to be exercised. The question is whether the company should issue new shares or buy back existing shares to offset the diluting impact of the exercised stock options.
Let
denote the post-tax present value per share to eternal shareholders, with the stock options exercised but without a share buyback to offset the diluting impact. Assume the cash received by the company from the exercised stock options is paid out as dividends to shareholders. The value to eternal shareholders is:
Eq. 3-13
Let denote the post-tax present value per share of the company to its eternal shareholders, with the stock options exercised and shares bought back to offset the diluting impact. Assume the company pays out as dividends the remaining cash received from the exercised stock options. The value to eternal shareholders is:
Eq. 3-14
The relative value of buying back shares to offset the diluting impact of stock options is:
Eq. 3-15
Equilibrium is where the share buyback offsetting the diluting impact of the stock options does not change the value to eternal shareholders. As usual, the equilibrium is given as an inequality to clarify the condition under which the value to eternal shareholders is increased from making the share buyback:
Eq. 3-16
Share Buyback Valuation under Uncertainty
Assume the value to eternal shareholders is a stochastic variable which takes on different values according to some probability distribution. Let denote the stochastic variable for the value to eternal shareholders without share buybacks. 4 Assume the probability of being equal to its expected (or mean) value is less than one, that is, , otherwise the value to eternal shareholders would be known almost surely, which is contrary to the assumption that there is uncertainty about the value. Let denote the stochastic variable for the value to eternal shareholders with a share buyback, which is defined as a function of using Eq. 3-4:
The expected (or mean) value with a share buyback is:
Let
denote the stochastic variable for the relative value of the share buyback, which is defined as a function of using Eq. 3-5:
Eq. 4-3
The expected relative value of a share buyback is:
Eq. 4-4
This can be used to derive the equilibrium below which a share buyback is expected to increase value to eternal shareholders:
Eq. 4-5
Increased Variance
The full paper shows that a share buyback increases the variance (or uncertainty) of the value to eternal shareholders:
Eq. 4-6
Expected Loss
It follows from Eq. 4-2 that, if the expected value without a share buyback equals the market-cap, then the expected value with a share buyback also equals the market-cap:
Eq. 4-7
Using a well-known mathematical theorem known as Jensen's inequality, the full paper shows that, if the expected value without a share buyback equals the market-cap, then the expected relative value of a share buyback is less than one:
Eq. 4-8
So although the expected value with and without a share buyback are both equal to the market-cap, the expected relative value of a share buyback is less than one, which means there is an expected loss as a result of the share buyback. The reason is that the relative value of a share buyback is non-linear, see Figure  3 and Figure 4 . So if it turns out the value of the company is actually less than the market-cap, then a share buyback would have decreased the value to eternal shareholders relatively more than it would have been increased if the value turns out to be correspondingly higher than the market-cap.
Implications
If the uncertainty about the value to eternal shareholders is small, e.g. as measured by the variance of the stochastic variable, then the share buyback equilibrium is almost equal to the expected value without a share buyback. But if the uncertainty is large then the share buyback equilibrium is significantly affected.
In theoretical terms, this may be considered mathematical proof of the necessity in having a so-called margin of safety between the market-cap and the expected value to eternal shareholders when making a share buyback under uncertainty, as suggested for investing in general by Graham and Dodd [4] . This may also be considered mathematical proof that the dividend substitution hypothesis, as well as the Efficient Market hypothesis [5] and the Modigliani-Miller dividend irrelevance hypothesis [6] are incorrect when there is uncertainty about the value of a company to its eternal shareholders, as there obviously is when that value depends on unknown future earnings. For even if the stock-market had correctly priced a stock to its expected value, a share buyback would cause an expected loss to eternal shareholders.
Discount Rate
There are many proposals in the literature for selecting discount rates for use in valuation. The full paper suggests three distinct classes of financial securities as benchmarks for the rate of return that can be expected from commonly available investments, which are then used as the discount rate in valuing share buybacks relative to such alternative investments. The three classes of financial securities are:
 Government bonds of historically stable countries having had low risk of defaulting on the debt and interest payments, and low rates of return. For long-term USA government bonds the average annual rate of return has been about 5% for the period 1798-2012.
 Stock market index consisting of a diverse range of large and established companies which have historically had medium risk and medium rate of return. The full paper suggests a new method for calculating the expected rate of return, called the value yield, of a stock market index relative to its current market-price. For the S&P 500 index the estimated value yield has been about 7.7% on average during the period 1984-2011.
 Venture index consisting of companies in their early stages of development which have historically had high risk and high rate of return in the long term. For the Dow Jones Venture Capital (DJVC) / Sand Hill index the average annual rate of return was about 16% during the period 1991-2010.
Case Study: Hewlett-Packard
Consider as an example the company Hewlett-Packard (HP), which was started by two people in USA in 1939 as a producer of electronic equipment. At the end of fiscal year 2011 the company employed almost 350k people worldwide with annual revenue of USD 127b and reported net income of USD 7.1b.
5
The focus here is on demonstrating the share buyback valuation formulas, not the intricacies of accounting and earnings forecasting. Qualitative assessments are required for many of the assumptions and are left to the reader who is encouraged to experiment with different assumptions in the formulas. The full paper gives a more detailed and slightly different analysis of this company, as well as case studies of other companies demonstrating more aspects of the share buyback valuation theory.
Share Buyback Policy
The company's share buyback policy has remained largely unchanged in recent years. The company neglects to inform shareholders of the share-price below which shares may be bought back and how this relates to management's assessment of the company's value to eternal shareholders, which is crucial information for outsiders to estimate the effect of the share buybacks on the value to eternal shareholders. The primary reason for the company to make share buybacks seems to be an effort to offset the diluting impact of employee stock options. Combined with the lack of valuation considerations this suggests the company's management misunderstands the effect share buybacks have on the value to eternal shareholders. 5 Form 10-K annual report for 2011 filed with US SEC: www.sec.gov/Archives/edgar/data/47217/000104746911010094/a2206500z10-k.htm 6 Form 10-K annual report for 2006 filed with US SEC: www.sec.gov/Archives/edgar/data/47217/000104746906015253/a2174889z10-k.htm
Terminology
A recent and typical earnings report of the company states:
7 "(...) we returned USD 384 million to shareholders in the form of share repurchases and dividends." According to the cash flow statement of that report, USD 124m of these USD 384m were used for share buybacks. However, during that 3 month period the share-price decreased about 24% and the market-cap decreased about USD 8.6b. Since the company's management claims it returned USD 124m to shareholders via share buybacks, it implies they believe that in the absence of this share buyback the market-cap would instead have decreased by the USD 8.6b experienced and an additional USD 124m that were used for share buybacks. This is a common example of the absurd terminology used by both scholars and practitioners which hinders a proper understanding of share buyback valuation and hence the establishing of sound share buyback policies and practises.
Year 2010
Calculating the effect of a share buyback requires the value to eternal shareholders without a share buyback from Eq. 2-3. Assuming the annual earnings that could be paid out as dividends are constant for eternity means the value without a share buyback is calculated from a so-called geometric series with zero growth, which is known to be:
For simplicity assume the company did not have any excess cash, which means a share buyback would be made for borrowed cash and hence be a recapitalization which requires more complicated valuation formulas that are given in the full paper, but the standard valuation formulas will be used in this example.
According to Table 1 , in fiscal year 2010 the company had reported net income of about USD 8.8b and Free Cash Flow (FCF) is estimated at about USD 8.4b. Assume this FCF estimate is the earnings that could be paid out as dividends and it is constant for eternity. According to the full paper, the value yield for the S&P 500 index ranged between 7.5-8.3% during 2010, which is the estimated annual rate of return for someone buying shares in the S&P 500 index during that year and holding the shares for eternity, so using that value yield as the discount rate estimates the return of the company relative to the return that could be expected from investing in the S&P 500 index. Using the average value yield of 7.9% as the discount rate, gives:
The share buyback amount in 2010 was about USD 11b, see Table 1 . The relative value of a share buyback is calculated using Eq. 3-5. At the lowest market-cap of about USD 86.5b during 2010, the relative value is:
That is, the share buyback would have increased the value to eternal shareholders by about 2.6%. At the highest market-cap of about USD 127b the relative value of the share buyback is about 98%, that is, a loss of about 2%. This used the assumption that earnings would be USD 8.4b for eternity and that the risk of the company's future earnings differing from the expected was similar to the risk of the future aggregate earnings of the companies in the S&P 500 index. If a risk premium had been deemed appropriate so the discount rate was, say, instead, then the value without a share buyback would be and the relative value would be between 95-99.6%, depending on the market-cap at the time of share buyback during that year. When the relative value is less than one it means the share buyback creates an obligation for future earnings to grow if the share buyback is to be merely value neutral to eternal shareholders, otherwise the share buyback results in a loss to eternal shareholders.
Uncertainty
To demonstrate the effect of uncertainty on share buyback valuation, consider the value without a share buyback to be a stochastic variable that can take on either of three values with equal probability: USD 50b, USD 100b or USD 150b. The expected (or mean) value is:
Assuming means that according to Eq. 4-7, so the expected value with and without a share buyback both equal the market-cap.
To calculate the expected (or mean) relative value of a share buyback, we must first calculate:
The expected relative value of a share buyback is then calculated using Eq. 4-4, with the share buyback amount of USD 11b for year 2010:
So even though the market-cap equals the expected value with and without a share buyback, the relative value of the share buyback is about 97% which means there is an expected loss of about 3% to eternal shareholders as a result of the share buyback.
The equilibrium below which a share buyback is expected to increase value to eternal shareholders is calculated using Eq. 4-5:
This is considerably less than the expected value without a share buyback which is . This shows that even if the stock-market was efficient or perfect in the sense that the price of a share equals its expected value to eternal shareholders, a share buyback results in an expected loss to eternal shareholders.
Acquisition of Autonomy
In fiscal year 2011 the company HP acquired the company Autonomy for USD 10.2b in cash. 8 Autonomy was founded by two people in 1996 and at the end of 2010 it employed about 1.9k people, having annual revenue of USD 870m and reported net income of USD 217m.
HP could choose between acquiring Autonomy or use the cash for making a share buyback instead. The question is which would have been more valuable to the eternal shareholders of HP. To answer this we first need to know the value of HP without either the acquisition or share buyback. The following is an ex-ante analysis so as to simulate the valuation with the information available at the time.
According to Table 1 , HP had reported net income of almost USD 7.1b in 2011 and FCF of about USD 9.1b. If the FCF is assumed to be the earnings available for dividend payouts and it is constant for eternity, then using Eq. 6-1 with a discount rate of, say, gives the value to eternal shareholders:
First consider the case where Autonomy was acquired for its fair value, that is, the acquisition price equals the present value of the return: . The relative value of the Autonomy acquisition and a share buyback is calculated using Eq. 3-10, and for the lowest market-cap of HP during 2011 the relative value is:
That is, the acquisition of Autonomy is worth 13% less than a share buyback under these assumptions. Note that because in this case then which is just the reciprocal of Eq. 3-5.
In case the return on the Autonomy acquisition is only half its acquisition price then the value of the acquisition relative to a share buyback at the lowest market-cap of USD 45b would be . In the opposite case where the return on the Autonomy acquisition is twice the acquisition price, the value of the acquisition relative to a share buyback would be .
The equilibrium below which a share buyback is more valuable than the acquisition is calculated using Eq. 3-11 and depends on the return of the acquisition. Assuming the return is twice the acquisition price, the equilibrium is:
The equilibrium can also be formulated in terms of the required return on the acquisition using Eq. 3-12. At the lowest market-cap of about USD 45b during the year, the equilibrium is:
That is, under these valuation assumptions and at the lowest market-cap of USD 45b during that year, the present value of the return on the Autonomy acquisition would have to be more than USD 24b for the acquisition to be more valuable than a share buyback to the eternal shareholders of HP.
Restructuring
In 2012 the company HP announced that its workforce of almost 350k employees was to be reduced by 29k employees over the following years in an effort to decrease the company's expenses, increase research and development, and improve profitability. 9 The effect on the value to eternal shareholders is now studied.
There are generally three components in the valuation of a corporate restructuring so as to determine its effect on the value to eternal shareholders. First there is the present value of the company to its eternal shareholders without the restructuring which is the value as usual. Then the present value of the restructuring costs must be subtracted and the present value of the future cost savings must be added. This is similar to the valuation of an investment in Eq. 3-8 where the investment amount is the present value of the restructuring costs, i.e. , and the return is the present value of future savings resulting from the restructuring, i.e. , so that:
According to Table 1 the company's FCF in 2012 was about USD 6.2b. Assuming this is the amount that could be paid out as dividends and it is constant for eternity, and using a discount rate of, say, , then the value to eternal shareholders without a restructuring is calculated using Eq. 6-1:
The company expects aggregate restructuring charges to be USD 3.7b over a few years. For simplicity, these restructuring costs are assumed to consist entirely of cash which are paid immediately rather than over multiple years, so that .
The company does not detail its expected savings from the restructuring so an estimate must be made. At the end of fiscal year 2011 the company had almost 350k employees so a reduction of 29k employees corresponds to about 8.3%. If the earnings are assumed to increase in direct proportion to the reduction in employees, and the FCF of USD 6.2b for 2011 is used as the basis earnings available for dividend payout without a restructuring, then the present value of the restructuring savings is:
Using the definitions of and , the relative value of the restructuring can be reduced to:
If instead the restructuring cost of USD 3.7b is used for a share buyback at the market-cap of about USD 27.5b at the time of this writing in late December 2012, then the relative value of a share buyback is:
The value of a share buyback relative to the restructuring is then:
That is, the share buyback is worth about 6% more than the restructuring to the eternal shareholders of HP.
Summary
According to Table 1 , the company made share buybacks for about USD 1.6b in 2012, while the average share buybacks were USD 8.3b per year in the period 2005-2011 during which the market-cap was typically 3-4 times higher than it was in late 2012. If the share buybacks in previous years were to have been merely value neutral to eternal shareholders, then the company's future earnings would have to be at a certain level as shown above, which means a share buyback at the current market-cap would be significantly more valuable to eternal shareholders than prior share buybacks, and possibly also significantly more valuable than the company's current restructuring.
Conclusion
Share buybacks affect the value to eternal shareholders depending on the share price relative to the present value of future earnings available for dividend payouts. If there is uncertainty about these future earnings and the market-cap equals the expected value, then a share buyback results in an expected loss to eternal shareholders. Managers should therefore use caution and scepticism about the future prospects of their company when making share buybacks, so as to ensure they do not make share buybacks that will later prove to have actually decreased value to eternal shareholders.
Misallocation of capital negatively affects both shareholders and employees. It occurs when investments, acquisitions and share buybacks are made at too high prices compared to the return that can reasonably be expected; or conversely when opportunities for investments, acquisitions or share buybacks are available at low prices relative to the expected return but are being ignored.
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